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INDEPENDENCE OF ALGEBRAIC MONODROMY GROUPS IN
COMPATIBLE SYSTEMS
FEDERICO AMADIO GUIDI
Abstract. In this paper we develop a general method to prove independence of
algebraic monodromy groups in compatible systems of representations, and we apply
it to deduce independence results for compatible systems both in automorphic and in
positive characteristic settings. In the abstract case, we prove an independence result
for compatible systems of Lie-irreducible representations, from which we deduce an
independence result for compatible systems admitting what we call a Lie-irreducible
decomposition. In the case of geometric compatible systems of Galois representations
arising from certain classes of automorphic forms, we prove the existence of a Lie-
irreducible decomposition, assuming a classical irreducibility conjecture. From this
we deduce an independence result. We conclude with the case of compatible systems
of representations of the absolute Galois group of a global function field, for which we
prove the existence of a Lie-irreducible decomposition, and we deduce an independence
result. From this we also deduce an independence result for compatible systems of
lisse sheaves on normal varieties over finite fields.
Introduction
Questions on `-independence of algebraic monodromy groups in compatible systems
originate in the literature from a classical result by Serre, see [Ser68], which states that
if E is an elliptic curve without complex multiplication over a number field, then the
image of the Galois representation on the `-adic Tate module of E is an open subgroup
of GL2(Z`) for every prime `, and is equal to GL2(Z`) for all but finitely many primes `.
The problem of extending this result to more general geometric settings led, for instance,
to the formulation of the Mumford-Tate conjecture for abelian varieties, see [Mum66].
Nevertheless, one can naturally study `-independence questions for any abstract rational
compatible system of representations. In this context, the foundational work of Larsen
and Pink, see [LP92], provides some breakthroughs.
It is immediate to notice how the main results of [LP92] can be extended verbatim to
compatible systems having coefficients in any number field. In our paper, we use these
results to develop a general method to prove λ-independence of the neutral components of
the algebraic monodromy groups of compatible systems over a finite extension of the field
of coefficients, and at a set of places of residual Dirichlet density 1. The main idea is that
one can prove a λ-independence result of this form whenever a compatible system admits a
Lie-irreducible decomposition over a finite extension of its field of coefficients. Let us briefly
sketch our approach. First of all, we apply the results of [LP92] to prove λ-independence
of the neutral components of the algebraic monodromy groups of compatible systems of
Lie-irreducible representations over a finite extension of the field of coefficients, and at
a set of places of residual Dirichlet density 1, see Proposition 4.1. We then introduce
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the notion of Lie-irreducible decomposition, see Definition 4.2, and we deduce from the
Lie-irreducible case an analogous λ-independence result for compatible systems admitting
a Lie-irreducible decomposition, see Corollary 4.4.
In the case of automorphic compatible systems (and actually for a slightly larger class
of geometric compatible systems), assuming a classical conjecture on the irreducibility of
automorphic Galois representations for a set of primes of Dirichlet density 1, we prove
the existence of a Lie-irreducible decomposition, see Theorem 5.4, from which we deduce
a λ-independence result, see Corollary 5.5.
In the positive characteristic setting, we prove the existence of a Lie-irreducible
decomposition for compatible systems of representations of the absolute Galois group of
a global function field, see Theorem 6.2, from which we deduce a λ-independence result,
see Corollary 6.3. We also deduce a λ-independence result for compatible systems of lisse
sheaves on normal varieties over finite fields, see Corollary 6.5.
The structure of this paper is the following. In §1 we introduce the basic terminology,
while in §2 and §3 we recall the main tools from [LP92] which will be useful in §4. The
general method of this paper and the main results in the general setting are presented in §4.
Finally, we see applications of the results of §4 to the case of geometric compatible systems
of Galois representations in §5, and to compatible systems in the positive characteristic
case in §6.
Acknowledgements. The author would like to thank his PhD supervisor Andrew Wiles
for introducing him to the study of these problems, and for his constant guidance and
encouragement. The author would also like to thank Wojciech Gajda for bringing [BGP19]
to his attention, and Laura Capuano, Toby Gee, Minhyong Kim, Giacomo Micheli, and
Damian Ro¨ssler for interesting conversations and useful suggestions.
Notation. For a prime `, we denote by ζ` a primitive `
th-root of 1.
Given a profinite group Γ, an integer n ≥ 1, and a continuous representation ρ : Γ→
GLn(Q`), we let ρ : Γ → GLn(F`) denote the semisimplification of the reduction of ρ
modulo `, which is defined up to conjugacy.
Given a field k, we let k be an algebraic closure of k, and ks be a separable closure of
k inside k, and we denote by Γk = Gal(k
s/k) the absolute Galois group of k.
Given a global field F , we denote by |F | the set of finite places of F . If Σ is a set of
places of F , and p is a prime, we set Σ 6=p = {v ∈ Σ : v - p}. We denote by AF the ring
of adeles of F .
If K is a non-Archimedean local field, we let IK be the inertia subgroup of ΓK , and
FrobK ∈ ΓK/IK be the geometric Frobenius. When K = Fv, for F a global field, and v
a finite place of F , we write Frobv = FrobFv .
If K is a finite extension of Qp, given a Weil-Deligne representation (r,N) of the
Weil group WK of K, we let (r,N)
F−ss denote its Frobenius-semisimplification. Given
a continuous representation ρ : ΓK → GLn(Q`), with ` 6= p, we denote by WD(ρ) the
corresponding Weil-Deligne representation of WK . We denote by recK the local Langlands
correspondence for GLn over K of [HT01]. When K = Fv, for F a number field, and v a
finite place of F , we write recv = recFv .
If K is a finite extension of Q`, if V is a finite dimensional vector space over Q`, and
ρ : ΓK → GL(V ) is a continuous semisimple de Rham representation, we denote by
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WD(ρ) the corresponding Weil-Deligne representation of WK . Also, given an embedding
τ : K → Q` we define the multiset HTτ (ρ) of τ -Hodge-Tate weights of ρ to be the
multiset of dimQ` V integers containing i with multiplicity dimQ`(V ⊗τ,K K̂(i))ΓF , where
K̂ denotes the completion of an algebraic closure of K. If F is a number field, if V is a
finite dimensional vector space over Q`, and ρ : ΓF → GL(V ) is a continuous semisimple
representation which is de Rham at all places above `, given an embedding τ : F → Q`
we define the multiset of τ -Hodge-Tate weights of ρ to be HTτ (ρ) = HTτ (ρ |ΓFv(τ) ), where
v(τ) is the place of F induced by τ .
Given a scheme X of finite type over Fq, where q is a power of p, we denote by |X| its
set of closed points. For each x ∈ |X|, let x be an algebraic geometric point of X localised
at x, and let Frobx ∈ Γk(x) = Gal(k(x)/k(x)) be the geometric Frobenius. Given a sheaf
F on X, we write det(1 − Frobxt,F) for the characteristic polynomial of the image of
Frobx under the monodromy representation of Γk(x) on Fk(x).
1. Compatible systems and algebraic monodromy groups
A group with Frobenii, or simply an F -group, is a pair (Γ, {Fα}α∈A) where Γ is a
profinite group, and {Fα}α∈A is a collection of elements of Γ, called Frobenius elements,
which are dense in Γ. Motivating examples for the definition of group with Frobenii
are clearly the absolute Galois group of a global field, together with the collection of
geometric Frobenii at its finite places, and the e´tale fundamental group of a scheme of
finite type over a finite field, together with the collection of geometric Frobenii at its
closed points.
Let (Γ, {Fα}α∈A) be a group with Frobenii, let E be a number field, and let Λ be a set
of finite places of E of residual Dirichlet density1 1. We give the following definition2.
Definition 1.1. A compatible system of rank n representations of Γ defined over E is a
family R = {ρλ}λ∈Λ of continuous representations
ρλ : Γ→ GLn(Eλ)
such that there is a subset X ⊂ A× Λ satisfying the following conditions.
(1) For every α ∈ A, (α, λ) ∈ X for all but finitely many λ ∈ Λ.
(2) For all (α, λ) ∈ X , the characteristic polynomial of ρλ(Fα) has coefficients in E and
is independent of λ.
(3) For any places λ1, . . . , λm ∈ Λ, the set {Fα : (α, λi) ∈ X for all i = 1, . . . ,m} is
dense in Γ.
In the last two sections we will see two main (motivating) classes of examples of
compatible systems, i.e. geometric compatible systems of Galois representations, see §5,
and compatible systems of lisse sheaves on schemes of finite type over finite fields, see §6.
We say that a compatible system R = {ρλ}λ∈Λ of rank n representations of Γ defined
over E has coefficients in a finite extension E′ of E if for any λ ∈ Λ the image of ρλ is
contained in GLn(E
′
λ′) for some place λ
′ of E′ above λ.
1We say that a set Σ of finite places of a number field F has residual Dirichlet density σ if the set of
rational primes {char(k(v)) : v ∈ Σ}, where k(v) denotes the residue field of F at v, has Dirichlet density
σ in Z.
2Compare [LP92, Definition 6.5].
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Two compatible systems R = {ρλ}λ∈Λ and R′ = {ρ′λ}λ∈Λ′ defined over a number field
E are said to be isomorphic if there exists a subset Λ′′ ⊂ Λ ∩ Λ′ of residual Dirichlet
density 1 such that ρλ ∼= ρ′λ for all λ ∈ Λ′′. In this case, we write R ∼= R′. When R and
R′ have coefficients in a number field E′, we say that they are isomorphic over E if the
isomorphism ρλ ∼= ρ′λ is over E for all λ ∈ Λ′′.
Let (Γ, {Fα}α∈A) be a group with Frobenii, and let R = {ρλ}λ∈Λ be a compatible
system of rank n representations of Γ with coefficients in a number field E. For any λ ∈ Λ,
denote by Gλ the Zariski closure of ρλ(Γ) in GLn(Eλ). This is an algebraic subgroup of
GLn,Eλ , which we call the algebraic monodromy group of ρλ. Denote by G
◦
λ the connected
component of the identity of Gλ. We recall the following lemma.
Lemma 1.2 ([LP92, Lemma 6.9]). If ρλ is semisimple, then Gλ is reductive. If ρλ is
absolutely irreducible, then Gλ is reductive, and its natural representation Gλ → GLn,Eλ is
absolutely irreducible.
In the next sections, we consider the problem of studying the algebraic monodromy
groups Gλ of R = {ρλ}λ∈Λ varying λ. The hope in this context is to find a global
algebraic subgroup G of GLn,E defined over E such that Gλ is conjugate to G×E Eλ over
Eλ for any λ ∈ Λ. This is the prototype of a λ-independence problem for the compatible
system R. Unfortunately, proving a λ-independence result of this form in the abstract
setting is actually too optimistic. For this reason, we will focus on weaker λ-independence
statements.
2. The formal character and the variety of characteristic polynomials
If G is a reductive group over a field k of characteristic zero, T ⊂ G is a maximal torus
of G over k, and ρ : G → GLn,k is a representation of G over k, we define the formal
character of ρ to be the restriction of ρ to T .
Let ch : GLn,k → Gm,k × An−1k be the morphism which associates to a matrix
the coefficients of its characteristic polynomial. Given a connected reductive algebraic
subgroup G of GLn,k, and a maximal torus T ⊂ G over k, we have that ch(G) = ch(T ) is
a variety defined over Q, which determines uniquely the formal character of the natural
representation G→ GLn,k up to isomorphism, see [LP92, §4].
Let Gnm,k be the split maximal torus of GLn,k. The Weyl group of GLn,k with respect
to Gnm,k is the symmetric group Sn, which acts by permutation of factors. Let T0 ⊂ Gnm,k
be a subtorus such that T0 ×k k is conjugate to T ×k k over k. Since the semisimple part
of any point in G can be conjugate into T0 over k, we have that ch(G) = ch(T0) pointwise.
For every σ ∈ Sn\CentSn(T0), we define a proper subgroup Hσ ⊂ T0 in the following
way. We let Hσ = {t ∈ T : σ(t) = t} if σ(T0) = T0, and Hσ = T0 ∩ σ(T0) otherwise.
We define now Y to be the union of all ch(Hσ). This is a Zariski-closed proper subset
of ch(T0) = ch(G). We say that a point g ∈ G is Γ-regular if ch(g) /∈ Y . We have the
following result.
Proposition 2.1 ([LP92, Proposition 4.7]).
(1) For every x ∈ (ch(G) \ Y )(k), there exist a torus T ⊂ GLn,k, and an element
t ∈ T (k), such that ch(T ) = ch(G) and ch(t) = x. The pair (t, T ) is unique up to
conjugation by GLn(k).
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(2) Let g ∈ G(k) be Γ-regular. Then g lies in a unique maximal torus T of G, and
the GLn(k)-conjugacy class of (g, T ) in uniquely determined by ch(g) and ch(G).
Let (Γ, {Fα}α∈A) be a group with Frobenii, and let R = {ρλ}λ∈Λ be a compatible
system of rank n semisimple representations of Γ with coefficients in a number field E.
Keep notations as in §1. We have:
Proposition 2.2 ([LP92, Proposition 6.12]). The formal character of the natural rep-
resentation G◦λ ×Eλ Eλ → GLn,Eλ is independent of λ. More precisely, there exist a
torus T0 over E and a faithful representation ρ0 : T0 → GLn,E such that T0 ×E Eλ is
isomorphic to a maximal torus in G◦λ ×Eλ Eλ, and ρ0 ⊗E Eλ is equivalent to the formal
character of G◦λ ×Eλ Eλ → GLn,Eλ for all λ ∈ Λ.
Proposition 2.3 ([LP92, Proposition 6.14]). There is an open normal subgroup Γ′ ⊂
Γ such that ρλ induces an isomorphism Γ/Γ
′ ∼−→ Gλ/G◦λ for all λ ∈ Λ.
Note that Proposition 2.3 implies that the group Gλ/G
◦
λ of connected components of Gλ
is independent of λ. Also, if we let A′ = {α ∈ A : Fα ∈ Γ′}, then the pair (Γ′, {Fα}α∈A′)
is a group with Frobenii, and R′ = {ρ′λ = ρλ |Γ′}λ∈Λ forms a compatible system, with
X ′ = X ∩ (A′ × Λ). Clearly, the algebraic monodromy group of ρ′λ is G◦λ for every λ ∈ Λ.
3. Frobenius tori and the splitting field of a compatible system
Let (Γ, {Fα}α∈A) be a group with Frobenii, and let R = {ρλ}λ∈Λ be a compatible
system of rank n semisimple representations of Γ with coefficients in a number field E.
Let us assume in this section that for every λ ∈ Λ the reductive group Gλ is connected.
We have the following result.
Proposition 3.1 ([LP92, Proposition 7.2]). For any λ ∈ Λ, the set of all γ ∈ Γ such
that ρλ(γ) is Γ-regular is open and dense in Γ.
For every (α, λ) ∈ X , the point ch(ρλ(Fα)) ∈ (Gm,Eλ × An−1Eλ )(E) depends only on α,
and so the condition on ρλ(Fα) being Γ-regular does depend only on α as well. When
this condition holds, we simply say that α is Γ-regular. By Proposition 3.1, if we replace
A with the set of Γ-regular α ∈ A the corresponding set X ⊂ A × Λ still satisfies the
conditions (1)-(3) in Definition 1.1. From now on, let us assume that every α ∈ A is
Γ-regular.
By Proposition 2.1, for every α ∈ A we are then given a torus Tα ⊂ GLn,E , canonical
up to conjugacy, associated to ch(ρλ(Fα)), for λ ∈ Λ such that (α, λ) ∈ X , so that the
set X satisfies the following conditions.
(1) For every α ∈ A, (α, λ) ∈ X for all but finitely many λ ∈ Λ.
(2) For all (α, λ) ∈ X , Tα ×E Eλ is conjugate to a maximal torus of Gλ over Eλ.
(3) For all pairwise distinct places λ1, . . . , λk ∈ Λ, and all maximal tori Ti of Gλi ,
there exists an α ∈ A such that, for every i, (α, λi) ∈ X and Tα ×E Eλi is
conjugate to Ti over Eλi .
The tori Tα over E are called Frobenius tori. For every α ∈ A, let Lα be the splitting
field of Tα over Eα, that is the smallest degree extension Lα/E such that Tα ×E Lα is
split. Let L be the intersection of all Lα. We call this field the splitting field of the
compatible system R.
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The role of Frobenius tori and the splitting field of a compatible system is clarified by
the following results.
Proposition 3.2 ([LP92, Proposition 8.9]). There exists a subset Λ′ of Λ of residual
Dirichlet density 1 such that for every λ ∈ Λ′ the connected reductive group Gλ is
unramified, and split over Ll, for some finite place l of L lying above λ.
Corollary 3.3. Let Λ′ be the subset of Λ where Gλ is unramified. There exist a E-split
torus T0 and a faithful representation ρ0 : T0 → GLn,E such that for all λ ∈ Λ′ there
exists a finite place l of L lying above λ such that T0×E Ll is conjugate to a maximal torus
in Gλ×Eλ Ll, and ρ0⊗E Ll is equivalent to the formal character of Gλ×Eλ Ll → GLn,Ll .
Theorem 3.4 (part of [LP92, Theorem 9.4]). Assume that each ρλ is absolutely irreducible,
and that L = E. Let Λ′ be the subset of Λ where Gλ is unramified. Then, for all λ ∈ Λ′
the root datum Ψλ of Gλ is independent of λ up to isomorphism.
4. Independence in compatible systems of Lie-irreducible representations
The following result holds.
Proposition 4.1. Let (Γ, {Fα}α∈A) be a group with Frobenii, and let R = {ρλ}λ∈Λ
be a compatible system of rank n absolutely Lie-irreducible3 representations of Γ with
coefficients in a number field E. Then, there exist a finite extension L of E, a subset Λ′
of Λ of residual Dirichlet density 1, and a split connected reductive algebraic subgroup G
of GLn,L defined over L such that for each λ ∈ Λ′ there exists a finite place l of L lying
above λ such that G◦λ ×Eλ Ll is conjugate to G×L Ll over Ll.
Proof. Let Γ′ be the open subgroup of Γ given by Proposition 2.3. As each ρλ is absolutely
Lie-irreducible, the restrictions ρλ |Γ′ are still absolutely irreducible. Up to restrict to
Γ′, we can assume each Gλ to be connected. Let L be the splitting field of R, and let
Λ′ ⊂ Λ be as in Proposition 3.2. Let L′ be the set of finite places of L such that for every
λ ∈ Λ′ there exists l ∈ L′ lying above λ such that Gλ is split over Ll. This set has residual
Dirichlet density 1. Let ρl = ρλ ⊗Eλ Ll, and consider the compatible system {ρl}l∈L′ .
Clearly, the algebraic monodromy group Gl of ρl is equal to Gλ ×Eλ Ll by construction.
By Theorem 3.4, the root datum Ψl of Gl is independent of l up to isomorphism. Fix such
a root datum Ψ. By [CGP15, Theorem A.4.6], there exists a (unique up to isomorphism)
split connected reductive group G over L with root datum Ψ, and such that G×L Ll is
conjugate to Gl over Ll for any l ∈ L. 
Let (Γ, {Fα}α∈A) be a group with Frobenii, and let R = {ρλ}λ∈Λ be a compatible
system of rank n representations of Γ with coefficients in a number field E. We introduce
the following definition.
Definition 4.2. We say that R has a Lie-irreducible decomposition over E if there exist
sets Λi of places of E of residual Dirichlet density 1, open subgroups Γi of Γ, compatible
systems Si = {σi,λ}λ∈Λi of rank mi absolutely Lie-irreducible representations of Γi with
3We say that a rank n representation ρ of Γ with coefficients in a field k of characteristic zero is absolutely
Lie-irreducible if ρ |Γ′ is absolutely irreducible for any open subgroup Γ′ of Γ.
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coefficients in E, and rank di Artin representations
4 ωi of Γi, for i = 1, . . . , k, where∑k
i=1midi[Γ : Γi] = n, such that
ρλ ∼= ⊕ki=1IndΓΓi(σi,λ ⊗ ωi)
over E for all λ ∈ Λ ∩ (∩ki=1Λi). In this case, we write
R ∼= ⊕ki=1IndΓΓi(Si ⊗ ωi).
Remark 4.3. For some choices of the group Γ, one can prove that any λ-adic representa-
tion ρ : Γ → GLn(Eλ) has a Lie-irreducible decomposition ρ ∼= ⊕ki=1IndΓΓi(σi ⊗ ωi),
where Γi is an open subgroup of Γ, σi : Γi → GLmi(Eλ) is Lie-irreducible, and
ωi : Γi → GLdi(Eλ) is Artin, for i = 1, . . . , k. This has been proved by Katz, see
[Kat87, Proposition 1], when Γ is the e´tale fundamental group of a smooth connected
affine curve over an algebraically closed field of positive characteristic, and by Patrikis,
see [Pat12, Proposition 3.4.1], by adapting Katz’s argument, when Γ is the absolute
Galois group of a number field. To prove a decomposition result for a compatible sys-
tem R = {ρλ}λ∈Λ of representations of Γ, one would then start from a single λ-adic
representation ρλ in R, decompose it as ρλ ∼= ⊕ki=1IndΓΓi(σi,λ ⊗ ωi), and extend each
σi,λ to a compatible system Si of Lie-irreducible representations. The isomorphism
R ∼= ⊕ki=1IndΓΓi(Si ⊗ ωi) would then follow by considerations on the traces of Frobenius
elements, see the proofs of Theorem 5.4 and Theorem 6.2. However, extending a λ-adic
representation to a compatible system is a highly non trivial problem, and can be achieved,
for instance, under suitable assumptions in the number field case by means of potential
automorphy techniques, see §5, and in the positive characteristic case by means of the
global Langlands correspondence for GLn of L. Lafforgue, see §6.
Proposition 4.1 has the following consequence.
Corollary 4.4. Let (Γ, {Fα}α∈A) be a group with Frobenii, and let R = {ρλ}λ∈Λ be a
compatible system of rank n representations of Γ with coefficients in a number field E.
Assume that R has a Lie-irreducible decomposition over a finite extension E′ of E. Then,
there exist a finite extension L of E′, a subset Λ′ of Λ of residual Dirichlet density 1, and
a connected reductive algebraic subgroup G of GLn,L defined over L such that for each
λ ∈ Λ′ there exists a finite place l of L lying above λ such that G◦λ ×Eλ Ll is conjugate to
G×L Ll over Ll.
Proof. By assumption, there exist a finite extension E′ of E, sets Λi of places of E′ of
residual Dirichlet density 1, open subgroups Γi of Γ, compatible systems Si = {σi,λ}λ∈Λi
of rank mi absolutely Lie-irreducible representations of Γi with coefficients in E
′, and
rank di Artin representations ωi of Γi, for i = 1, . . . , k, where
∑k
i=1midi[Γ : Γi] = n, such
that
ρλ ∼= ⊕ki=1IndΓΓi(σi,λ ⊗ ωi)
over E′ for all λ ∈ Λ ∩ (∩ki=1Λi), where we still denote by Λ a set of places of E′ of
residual Dirichlet density 1 lying above the places in Λ, with a slight abuse of notations.
4In this setting, we say that a continuous representation ω : Γ→ GLd(Eλ) is Artin if it factors through a
finite quotient of Γ. Any Artin representation ω can be actually realised over Q, so that λ-independence
questions become trivial in this context.
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For any λ ∈ Λ ∩ (∩ki=1Λi), the algebraic monodromy group Gλ of ρλ only depends on the
algebraic monodromy groups of σi,λ and ωi, for i = 1, . . . , k.
For any i and any λ ∈ Λi, denote by Hσi,λ the algebraic monodromy group of σi,λ.
By Proposition 4.1, for any i there exist a finite extension Li of E
′, a subset Λ′i of Λi of
residual Dirichlet density 1, and a connected reductive algebraic subgroup Hi of GLmi,Li
defined over Li such that for each λ ∈ Λ′i there exists a finite place l of Li lying above λ
such that H◦σi,λ ×E′λ Ll is conjugate to Hi ×Li Li,l over Li,l.
Since for any i the representation ωi is Artin, it can be defined over Q. Its algebraic
monodromy group Hωi is then a finite subgroup of GLn,Q, which can be defined over a
number field Lωi . Let us enlarge Li so that it contains Lωi .
The conclusion follows by taking L to be the composite of the extensions Li, and Λ
′ to
be the set of places in ∩ki=1Λ′i lying above the places in Λ. 
5. Geometric compatible systems of Galois representations
We see now an application of the abstract results of §4 to the case of geometric
compatible systems of Galois representations attached to automorphic representations.
In this context, we refer to [BLGGT14] for the background terminology.
Let F be a a number field, let ΓF denote the absolute Galois group of F , and let S be
a finite set of places of F . Let E be a number field, and let Λ be a set of finite places of E
of residual Dirichlet density 1. Let n ≥ 1 be an integer. We recall the following definition.
Definition 5.1. A geometric5 compatible system of rank n representations of ΓF defined
over E and unramified outside S is a family R = {ρλ}λ∈Λ of continuous semisimple
representations
ρλ : ΓF → GLn(Eλ)
such that:
(1) If v /∈ S is a finite place of F , then for all λ not dividing the residue characteristic
of v, the representation ρλ is unramified at v, and the characteristic polynomial
of ρλ(Frobv) has coefficients in E and is independent of λ.
(2) Each representation ρλ is de Rham at all places above the residue characteristic
of λ, and in fact crystalline at any place v /∈ S above the residue characteristic
of λ.
(3) For each embedding τ : F → E the τ -Hodge-Tate weights of ρλ are independent
of λ.
Clearly, any geometric compatible system R is a compatible system in the sense of
Definition 1.1, with X = {(v, λ) ∈ |F | × Λ : v /∈ S, λ - char(k(v))}. All the definitions
introduced in the case of general compatible systems, as well as all the results proved, are
therefore valid also for geometric compatible systems of Galois representations.
Let F be a CM field, let F+ be the maximal totally real subfield of F , and let c be
a generator of Gal(F/F+). Thanks to the work of many people, e.g. [Clo90], [Kot92],
[HT01], [Shi11], [CH13], geometric compatible systems can be attached to regular algebraic,
conjugate self-dual, cuspidal automorphic representations of GLn(AF ). We recall here
5We add “geometric” to the terminology of [BLGGT14, §5.1] in order to distinguish these compatible
systems from the “abstract” compatible systems of Definition 1.1.
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the general statement of this construction6, which also involves results of [TY07], [Car12]
and [Car14]. We have:
Theorem 5.2. Let pi be a regular algebraic, conjugate self-dual, cuspidal automorphic
representation of GLn(AF ), unramified outside a finite set S of places of F . Then, there
exist a number field Epi, a compatible system Rpi = {ρpi,λ}λ∈|Epi| of rank n semisimple
representations
ρpi,λ : ΓF → GLn(Epi,λ)
with coefficients in Epi, and an integer w such that:
(1) ρpi,λ is totally odd, conjugate self-dual
7.
(2) If v is a finite place of F not dividing the residue characteristic of λ, then, given
an isomorphism ı : Epi,λ
∼−→ C, we have the local-global compatibility
ıWD(ρpi,λ |ΓFv )F−ss ∼= recv(piv ⊗ | det |(1−n)/2v ),
and these Weil-Deligne representations are pure of weight w.
(3) Each representation ρpi,λ is de Rham at all places above the residue characteristic
of λ, and for each embedding τ : F → Epi the τ -Hodge-Tate weights of ρpi,λ have
multiplicity at most one, and are given by
HTτ (ρpi,λ) = {aτ,1 + n− 1, aτ,2 + n− 2, . . . , aτ,n} ,
where a = (aτ,i) is the weight of pi. Moreover
HTτ◦c(ρpi,λ) = {w − h : h ∈ HTτ (ρpi,λ)} .
(4) If v is a place of F dividing the residue characteristic of λ, then, given an
isomorphism ı : Epi,λ
∼−→ C, we have the local-global compatibility
ıWD(ρpi,λ |ΓFv )F−ss ∼= recv(piv ⊗ | det |(1−n)/2v ).
In particular, ρpi,λ is semi-stable at v, and if v /∈ S then it is crystalline.
The compatible system Rpi is then a geometric compatible system of rank n representa-
tions of ΓF with coefficients in Epi and unramified outside S, in the sense of Definition 5.1.
Moreover, it is totally odd, conjugate self-dual, i.e. it is formed of totally odd, conjugate
self-dual representations, and it is strictly pure of weight w, and regular.
The global Langlands conjectures in this case predict all the representations ρpi,λ to be
absolutely irreducible. For the purposes of this paper, we assume the following weaker
conjecture.
Conjecture 5.3. Let pi be a regular algebraic, conjugate self-dual, cuspidal automorphic
representation of GLn(AF ). Then, there exists a set of rational primes L of Dirichlet
density 1 such that for all ` ∈ L and λ | ` the representation
ρpi,λ : ΓF → GLn(Epi,λ)
is absolutely irreducible.
6To simplify the exposition, in this paper we decided to restrict to conjugate self-dual automorphic
representations, i.e. automorphic representations pi such that the contragradient pi∨ of pi satisfies pi∨ ∼= pi◦c.
An analogous construction holds in the more general case of polarised automorphic representations, see
[BLGGT14, §2.1]. Also, an analogous construction holds when F is a totally real field.
7With the terminology of [BLGGT14, §2.1], this means that the pair (ρpi,λ, 1−n), where  denotes the
cyclotomic character of ΓF+ , is a totally odd, polarised representation of ΓF .
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The proof of this conjecture is a widely open problem in general, and only some
partial progress has been obtained so far, see for instance [BLGGT14, Theorem 5.5.2]
and [PT15, Theorem 1.7]. Assuming this conjecture, we prove the following result.
Theorem 5.4. Let R = {ρλ}λ∈Λ be a pure, regular, totally odd, conjugate self-dual
geometric compatible system of rank n representations of ΓF with coefficients in a number
field E. Assume Conjecture 5.3. Then, R has a Lie-irreducible decomposition over a
finite extension E′ of E.
Proof. Assuming Conjecture 5.3, by [PT15, Theorem 2.1] we have that there exist subsets
Λi of Λ, for i = 1, . . . , k, of residual Dirichlet density 1, and strictly pure, regular, totally
odd, conjugate self-dual compatible systems Ri = {ρi,λ}λ∈Λi of irreducible representations
ρi,λ : ΓF → GLni(Eλ) for i = 1, . . . , k, such that
ρλ ⊗Eλ Eλ ∼= ⊕ki=1ρi,λ,
for each λ ∈ ∩ki=1Λi. Furthermore, after possibly removing finitely many places from each
Λi, we can assume that for each λ ∈ Λi we have ` ≥ 2(n+ 1), where ` denotes the residue
characteristic of λ.
Fix an i, and consider the compatible system Ri. By [PT15, Lemma 1.2], we can
assume that Ri is defined over a CM field Ei. With a slight abuse of notation, we still
denote by Λi the corresponding set of places of Ei. For all λ ∈ Λi, let Gi,λ be the
algebraic monodromy group8 of ρi,λ, and let G
◦
i,λ be the connected component of the
identity of Gi,λ. By Lemma 2.3 there exists a finite Galois extension F
′
i/F such that the
representation ρi,λ induces an isomorphism Gal(F
′
i/F )
∼−→ Gi,λ/G◦i,λ for all λ ∈ Λi. By
applying [BLGGT14, Proposition 5.3.2], we get that there exists a subset Λ0i of Λi of
residual Dirichlet density 1 such that if λ ∈ Λ0i , and ` is the residue characteristic of λ,
then ρi,λ |ΓF (ζ`) is absolutely irreducible. Up to removing finitely many places from Λ0i ,
we may further assume that if λ ∈ Λ0i , and ` is the residue characteristic of λ, then
• ζ` /∈ F ′i ,
• ` is unramified in F ′i and lies below no element of the set of bad places for Ri,
• the Hodge-Tate weights of ρi,λ lie in a range of the form [ai, ai + `− 2].
Let F ′,cmi denote the maximal CM subfield of F
′
i . Then, assuming Conjecture 5.3,
by [PT15, Theorem 2.1] we have that there exist subsets Λ′i of Λ
0
i of residual Dirichlet
density 1 such that each irreducible component of ρi,λ |Γ
F
′,cm
i
is totally odd, conjugate
self-dual for each λ ∈ Λ′i.
By [BLGGT14, Lemma 5.3.1(2)] each ρi,λ is absolutely Lie-multiplicity free
9. Therefore,
for each λ ∈ Λ′i, by [Pat12, Lemma 3.4.6(1)] there exist an intermediate field F ⊂ Fλi ⊂ F ′i ,
and a rank mλi absolutely Lie-irreducible representation σ
λ
i of ΓFλi such that we can
write ρi,λ ∼= IndΓFΓ
Fλ
i
σλi . We now prove that there exists λ0 ∈ Λ′i such that Fλ0i is a CM
field10. Denote by Fλ,cmi the maximal CM subfield of F
λ
i . For simplicity, let us enlarge
Ei to contain the maximal CM subfield of F
′
i , so that F
λ,cm
i ⊂ Ei for all λ ∈ Λ′i, and
8This would be a reductive algebraic subgroup of GLn,E′
i,λ′
, for E′i a finite extension of Ei where Ri
takes coefficients, and λ′ a place of E′i above λ.
9We say that a rank n representation ρ of a profinite group Γ with coefficients in a field k of characteristic
zero is absolutely Lie-multiplicity free if for any open subgroup Γ′ of Γ any absolutely irreducible
Γ′-subrepresentation of ρ has multiplicity 1.
10The following argument is largely adapted on that of [Pat12, Lemma 3.4.13].
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let us take its Galois closure. Again with a slight abuse of notation, let us still denote
its corresponding set of places by Λ′i. If F
λ
i 6= Fλ,cmi for all λ ∈ Λ′i, then we can find
a place λ0 ∈ Λ′i with residue characteristic `0 such that `0 splits in Ei but not in Fλ0i .
Let now w0 be a non-split place of F
λ0
i of residue characteristic `0. Since F
λ0
i,w0
does not
embed in Ei,λ0 = Q`0 by assumption, we can deduce by an argument analogous to that
of [Pat12, Lemma 3.4.13] that ρi,λ0 is not regular, which is a contradiction. Therefore, we
get that Fλ0i = F
λ0,cm
i . Also, `0 ≥ 2(mλ0i + 1) and ζ`0 /∈ Fλ0i by the previous assumptions.
For simplicity of notation, we set Fi = F
λ0
i .
The representation σλ0i is an irreducible component of ρi,λ0 |ΓFi , and so it is totally
odd, conjugate self-dual, as Fi ⊂ F ′,cmi , and its set of Hodge-Tate weights is a subset of
the set of Hodge-Tate weights of ρi,λ0 . This gives that σ
λ0
i has Hodge-Tate weights lying
in [ai, ai + `0− 2]. Since `0 is unramified in F ′i , and so it is in Fi as well, we have that σλ0i
is crystalline at each place w0 of Fi lying above `0 by [Pat12, Lemma 2.2.9]. Therefore,
σλ0i is potentially diagonalizable at each place w0 of Fi lying above `0.
By applying Mackey restriction formula to ρi,λ0 |ΓF (ζ`0 )
∼= ResΓFΓF (ζ`0 )Ind
ΓF
ΓFi
σλ0i , which is
absolutely irreducible by assumption, we deduce that σλ0i |ΓFi(ζ`0 ) is absolutely irreducible.
Therefore, we can apply [BLGGT14, Theorem 5.5.1] to get that σλ0i is part of a strictly
pure compatible system Si = {σi,λ}λ∈Λ′i of representations of ΓFi defined over Ei.
Since Si is regular, each representation σi,λ is absolutely Lie-multiplicity free, again
by [BLGGT14, Lemma 5.3.1(2)]. Also, again by assuming Conjecture 5.3, we have that
there exists a subset Λ′′i of Λ
′
i of residual Dirichlet density 1, with λ0 ∈ Λ′′i , such that σi,λ
is absolutely irreducible for each λ ∈ Λ′′i . Since σi,λ0 ∼= σλ0i is absolutely Lie-irreducible,
and absolute Lie-irreducibility in a compatible system of absolutely irreducible, absolutely
Lie-multiplicity free representations is independent of λ by [Pat12, Corollary 3.4.11], we
get that σi,λ is absolutely Lie-irreducible for each λ ∈ Λ′′i .
For every finite place v of F outside the set of bad places for Ri and every λ ∈ Λ′i not
lying above the residue characteristic of v we have that
tr ρi,λ(Frobv) = tr ρi,λ0(Frobv)
= tr IndΓFΓFi
σλ0i (Frobv)
= tr IndΓFΓFi
σi,λ(Frobv),
where the first equality follows from the independence of λ of the characteristic polynomials
at the Frobenius elements in the compatible system Ri, and the last equality follows from
the usual formula for the trace of an induced representation, see [BLGGT14, §5.5] for
instance, and the independence of λ of the characteristic polynomials at the Frobenius
elements in the compatible system Si . Combining the Cˇebotarev density theorem with
[Bou58, §12.1, Proposition 3] we deduce that ρi,λ ∼= IndΓFΓFiσi,λ for every λ ∈ Λ
′
i. Since
σi,λ is absolutely Lie-irreducible for each λ in the set Λ
′′
i of residual Dirichlet density 1,
this proves that
R ∼= ⊕ki=1IndΓFΓFiSi
is a Lie-irreducible decomposition for R over an extension E′ of E and the fields Ei. 
Combining this with Corollary 4.4, we get the following result.
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Corollary 5.5. Let R = {ρλ}λ∈Λ be a pure, regular, totally odd, conjugate self-dual
geometric compatible system of rank n representations of ΓF with coefficients in E.
Assume Conjecture 5.3. Then, there exist a finite extension L of E, a subset Λ′ of Λ
of residual Dirichlet density 1, and a connected reductive algebraic subgroup G of GLn,L
defined over L such that for each λ ∈ Λ′ there exists a finite place l of L lying above λ
such that G◦λ ×Eλ Ll is conjugate to G×L Ll over Ll.
Remark 5.6. In Theorem 5.4, assuming Conjecture 5.3 is required in order to apply
[BLGGT14, Theorem 5.5.1] to get potential automorphy of certain λ-adic representations.
This in turn guarantees that such representations can be “extended” to a compatible
system. Refined potential automorphy results would then eventually imply more general
versions of Theorem 5.4 and Corollary 5.5. Notice also that the conclusions of Theorem
5.4 and Corollary 5.5 hold unconditionally when the compatible system has extremely
regular weights, in the sense of [BLGGT14, §5.1].
Remark 5.7. Let pi be a regular algebraic, conjugate self-dual, cuspidal automorphic
representation of GLn(AF ), and let Rpi = {ρpi,λ}λ∈|Epi| be the corresponding compatible
system of representations of ΓF . Assuming Conjecture 5.3, the conclusions of Theorem
5.4 and Corollary 5.5 clearly hold for Rpi. We then have that there exist a finite (possibly
trivial) CM extension Fpi of F and a compatible system S = {σλ}λ∈Λ′ of absolutely
Lie-irreducible representations of ΓFpi such that Rpi ∼= IndΓFΓFpiS. Notice in particular that
the compatible system S is by construction the compatible system attached to a regular
algebraic, conjugate self-dual, cuspidal automorphic representation τ of GLm(AFpi ), and
so pi should be thought as the “automorphic induction” of τ from Fpi. In analogy with
the case of modular forms of weight k ≥ 2, we suggest to think of pi as having “complex
multiplication” by Fpi. Also, we have that there exists a connected reductive group
Gpi defined over a finite extension of Epi which interpolates the groups of connected
components of the algebraic monodromy groups of ρpi,λ, for λ in a set of places of residual
Dirichlet density 1. In analogy with the Mumford-Tate conjecture, the group Gpi should
be related to a notion of “Mumford-Tate group” for pi.
6. Compatible systems in the positive characteristic case
In this last section we see applications of the abstract independence results of §4
to positive characteristic settings. We start with the case of compatible systems of
representations of the absolute Galois group of a global function field, and we then move
to compatible systems of lisse sheaves on a scheme of finite type over a finite field.
Let p be a prime, let q be a power of p, and let C be a smooth projective curve,
geometrically connected over Fq. Let F be the field of rational functions on C, and let
ΓF denote the absolute Galois group of F . The following preliminary result is essentially
a reformulation in the characteristic p setting of [Pat12, Proposition 3.4.1], which in turn
adapts the arguments of [Kat87, Proposition 1].
Lemma 6.1. Let ρ : ΓF → GLn(Q`) be an irreducible representation. Then either ρ is
induced from a representation of an open proper subgroup of ΓF , or ρ is Lie-irreducible,
or there exist an integer d ≥ 2 dividing n, a Lie-irreducible representation σ of ΓF of
dimension n/d, and an Artin representation ω of ΓF of dimension d such that ρ ∼= σ ⊗ ω.
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The proof of this lemma is just the same as the proof of [Pat12, Proposition 3.4.1],
where the key ingredient is the vanishing of H2(ΓF ,Q/Z) given by Tate’s theorem. This
holds true also in the positive characteristic case, see [Ser77, Theorem 4].
We prove the following result.
Theorem 6.2. Let R = {ρλ}λ∈Λ be a compatible system of semisimple representations
of ΓF with coefficients in E. Then, R has a Lie-irreducible decomposition over a finite
extension E′ of E.
Proof. Fix λ0 ∈ Λ 6=p. By Lemma 6.1 there exist finite extensions Fi of F , Lie-irreducible
representations σi : ΓFi → GLmi(Eλ0), Artin representations ωi : ΓFi → GLdi(Eλ0), for
i = 1, . . . , k, where
∑k
i=1midi[Fi : F ] = n, such that
ρλ0 ⊗Eλ0 Eλ0 ∼= ⊕ki=1IndΓFΓFi (σi ⊗ ωi).
For each i, choose χi : ΓFi → E
×
λ0 such that the determinant of τi = σi ⊗ χi has finite
order. Then, τi extends to a compatible system {τi,λ}λ∈Λ6=p by the global Langlands
correspondence [Laf02, The´ore`me VI.9]. Also, by global class field theory we can extend
χi to a compatible system {χi,λ}λ∈Λ6=p . For each λ ∈ Λ 6=p, let σi,λ = τi,λ⊗χ
−1
i,λ. We then
have that Si = {σi,λ}λ∈Λ6=p is a compatible system extending σi.
Let E′ be a finite extension of E such that each Si has coefficients in E′, and each ωi
can be realised over E′. Then, for any place v of F and any λ ∈ Λ 6=p not lying above the
residue characteristic of v we have
tr ρλ(Frobv) = tr ρλ0(Frobv)
= tr ⊕ki=1 IndΓFΓFi (σi ⊗ ωi)(Frobv)
= tr ⊕ki=1 IndΓFΓFi (σi,λ ⊗ ωi)(Frobv),
by independence of λ of the characteristic polynomials at the Frobenius elements, and by
the usual formulas for the traces of direct sums, tensor products, and induced representa-
tions. Combining the Cˇebotarev density theorem with [Bou58, §12.1, Proposition 3], it
then follows that
R ∼= ⊕ki=1IndΓFΓFi (Si ⊗ ωi)
is a Lie-irreducible decomposition for R over E′. 
By Corollary 4.4 we then have the following immediate consequence.
Corollary 6.3. Let R = {ρλ}λ∈Λ be a compatible system of semisimple representations
of ΓF with coefficients in E. Then, there exist a finite extension L of E, a subset Λ
′ of Λ
of residual Dirichlet density 1, and a connected reductive algebraic subgroup G of GLn,L
defined over L such that for each λ ∈ Λ′ there exists a finite place l of L lying above λ
such that G◦λ ×Eλ Ll is conjugate to G×L Ll over Ll.
Let us now consider the case of compatible systems of lisse sheaves on a scheme of
finite type over Fq. Refer to [Del80, §1.1 - §1.3] for the basic definitions and results in
this setting.
Let X be a scheme of finite type, and geometrically connected over Fq. Let η be a
geometric point of X, and let pie´t1 (X, η) be the arithmetic fundamental group of X. Let
` 6= p be a prime. The functor which assigns to each lisse Q`-sheaf L on X its fibre Lη
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over η induces an equivalence between the category of lisse Q`-sheaves on X and the
category of finite dimensional continuous representations of pie´t1 (X, η) with coefficients
in Q`. Via this equivalence, standard notions about representations (e.g semisimplicity,
irreducibility, or Lie-irreducibility) can be translated to the context of lisse sheaves.
Let E be a number field, and let Λ be a set of finite places of E of residual Dirichlet
density 1. We recall the following definition.
Definition 6.4. A compatible system of lisse Eλ-sheaves on X is a family R = {Lλ}λ∈Λ
of lisse Eλ-sheaves Lλ on X such that, for any closed point x ∈ |X| of X and any λ ∈ Λ
not dividing p, the polynomial det(1−Frobxt,Lλ) has coefficients in E and is independent
of λ.
Any compatible system of lisse Eλ-sheaves R = {Lλ}λ∈Λ on X defines a compatible
system {ρλ}λ∈Λ6=p of representations of pie´t1 (X, η) with coefficients in E, in the sense of
Definition 1.1, where ρλ is the representation Lλ,η, and X = |X| × Λ 6=p. The algebraic
monodromy group Gλ of ρλ is called the arithmetic monodromy group of Lλ. We denote
by gλ the Lie algebra of the connected component G
◦
λ of the identity of Gλ. Also, when
X is geometrically connected over Fq, for simplicity of notation we omit the base point η
and write just pie´t1 (X) for the e´tale fundamental group of X.
From Corollary 6.3 we deduce the following λ-independence result.
Corollary 6.5. Let X be a normal geometrically connected irreducible variety over Fq,
and let R = {Lλ}λ∈Λ be a compatible system of semisimple lisse Eλ-sheaves on X. Then,
the following hold.
(1) There exist a finite extension L of E, a subset Λ′ of Λ of residual Dirichlet
density 1, and a reductive Lie subalgebra g of gln,L such that for each λ ∈ Λ′ there
exists a finite place l of L lying above λ such that gλ⊗Eλ Ll is conjugate to g⊗LLl
over Ll.
(2) If R is tame11, then there exist a finite extension L of E, a subset Λ′ of Λ of
residual Dirichlet density 1, and a connected reductive algebraic subgroup G of
GLn,L defined over L such that for each λ ∈ Λ′ there exists a finite place l of L
lying above λ such that G◦λ ×Eλ Ll is conjugate to G×L Ll over Ll.
Proof. Let {ρλ}λ∈Λ6=p be the compatible system of representations of pie´t1 (X) corresponding
to R. By [BGP19, Corollary 3.33] there exist a finite e´tale cover ϕ : X ′ → X, and a
curve C embedding into X ′ via some ı such that ρλ(ϕ∗pie´t1 (X
′)) = ρλ(ı∗pie´t1 (C)), for all
λ ∈ Λ6=p. Furthermore, if R is tame, we can take ϕ = IdX .
For any λ ∈ Λ 6=p, let ρ′λ = ϕ∗ ◦ ρλ, and let G′λ be its algebraic monodromy group.
Since the morphism ϕ is finite e´tale, then ϕ∗pie´t1 (X
′) is an open subgroup of pie´t1 (X), and
so the Lie algebra of G′,◦λ coincides with the Lie algebra gλ of G
◦
λ. Then, {ρ′λ}λ∈Λ6=p is a
compatible system of semisimple representations of pie´t1 (X
′). Note that, obviously, if R is
tame, and we take ϕ = IdX , then G
′
λ = Gλ.
Up to birational equivalence, we can assume that C is smooth and projective. Let F
be the field of rational functions on C, and let piC : ΓF → pie´t1 (X ′) be the composition of
the natural surjection of ΓF onto pi
e´t
1 (C) with ı∗.
11We say that a compatible system R = {Lλ}λ∈Λ of lisse Eλ-sheaves on X is tame if for any discrete
rank 1 valuation v of the field Fq(X) of rational functions on X and for any λ ∈ Λ 6=p the fixed field inside
Fq(X)s of the kernel of the representation of ΓFq(X) defined by Lλ is a tame extension of of Fq(X) at v.
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For any λ ∈ Λ 6=p, let ρC,λ = ρ′λ ◦ piC . Note that ρC,λ(ΓF ) = ρ′λ(pie´t1 (X ′)), so that
the algebraic monodromy groups of ρC,λ and ρ
′
λ coincide. The family {ρC,λ}λ∈Λ6=p is
a compatible system of semisimple representations of ΓF , and then, by Corollary 6.3
there exist a finite extension L of E, a subset Λ′ of Λ of residual Dirichlet density 1,
and a connected reductive algebraic subgroup G of GLn,L defined over L such that for
each λ ∈ Λ′ there exists a finite place l of L lying above λ such that G′,◦λ ×Eλ Ll is
conjugate to G×L Ll over Ll. If we let g be the Lie algebra of G, we then get (1). When
R is tame, we take ϕ = IdX and we get (2). 
Remark 6.6. A crucial point in the proof of this result is the reduction to the case of
curves, which relies on the work of Bo¨ckle, Gajda, and Petersen in [BGP19, §3.3]. On the
other hand, if we assume the variety X to be smooth and projective, the reduction to
the case of curves can be achieved (without passing to a finite e´tale cover) by applying
iteratively Bertini theorem over finite fields [Poo04, Theorem 1.1] and Lefschetz theorem
[SGA2, Exp. XII, Corollaire 3.5]. In this case, we get λ-independence of the neutral
components of the algebraic monodromy groups (and not just λ-independence of the Lie
algebras) even when the compatible system R is not necessarily tame. A result of this form
has been obtained with a different approach by D’Addezio, see [D’A17, Theorem 4.3.2],
without assuming projectivity (but still assuming smoothness). Nevertheless, note that
when X is a (not necessarily smooth) curve no projectivity assumption is required, as
one can always find a smooth projective curve which is birational to X, and apply the
above argument to it. In this way, we recover the main independence result of Chin, see
[Chi04, Theorem 1.4], at a density 1 set of places, by an alternative method.
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